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Theisogeny problem
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Algebra O Geometry
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Isogenies

0 L

. . 522 + bz + 4 2¢2 + 4z — 4
Algebraic morphisms: < st ptie )

z+1 ' y:v2+233+1

Group morphisms: (P + Q) = ¢(P) + ¢(Q)
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Isogenies

0 L

: . 522 + bz + 4 2¢2 + 4z — 4
Algebraic morphisms: ( st i )

z+1 ’ y:v2+2:1:+1

A\

: Interpolation

Group morphisms: (P + Q) = ¢(P) + ¢(Q)

A

: Groups of morphisms
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“Classes” of isogenies

B B Hom(E, E')
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Degree

deg(p) € N*

@ A measure of “size”;
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Degree

deg(p) € N* ¥

@ A measure of “size”;

deg(9 o p) = deg(¢) deg(p)
@ Multiplicative.
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The larger the degree, the more isogenies

=N
= 4

ZIN




Lattices of isogenies

4

/\ 9,y € Hom(E, E')

E' E

~ 4

Luca De Feo (IBM Research Ziirich) Not Again!



Lattices of isogenies

/f\ ‘P,?ﬁ S HOIII(E, EI)
+
EI (e e e e (e____’l)? _________ E

W ( o+ PP)= o(P)+ $(P)

Luca De Feo (IBM Research Ziirich) Not Again! August 12, 2026, AMPQC, Ohrid 12/31



Lattices of isogenies

/f\ ‘P,?ﬁ S HOIII(E, EI)
ap+b
EI‘ __________ (e____’l)? _________ E

W (ap + b9)(P) := [a]p(P) + [b]$(P)
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Lattices of isogenies

/(p\ ‘P,?ﬁ S HOIII(E, EI)
ap+b
EI‘ __________ (‘?-_-_7’? _________ E

W (ap + b9)(P) := [a]p(P) + [b]$(P)

e deg(ayp) = a?deg(p),

o |deg(p +¥) — deg(p) — deg(9)| < 2y/deg(y) deg(¥),

@ deg is a positive definite quadratic form.
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Endomorphisms

(¢ +9)(P) :== o(P) +9y(P)

(pop)(P) = p(¥(P))

po(Y+x)=pop+pox
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Endomorphism rings

Q(v=p)

Quadratic imaginary field
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Endomorphism rings
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Orders

i Order type:
J O~ aOa !

o O NN O
o = = O
= O O

2
10
210

0
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Deuring: End(Ep) sublattices <+ homsets «» curves isogenous to Ey.
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Deuring: End(Ep) sublattices <+ homsets «» curves isogenous to Ey.
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homset lattice (class)

@ 13 3 4 1

5 . 0 13 14 0

T 0 0 31 9
v 0 0 0 173
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homset lattice (class)

@ 13 3 4 1

0 13 14 O
/
N— S
M 0 0 0 173
degree norm
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The supersingular space

o ~ {3 curves defined over [F 2
o of which ~ ., /p curves defined over IF,,

e Connected by £-isogenies for any choice of £ > 1
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The endomorphism ring problem

Given arandom Given random supersingular
supersingular curve E, curves E, E', compute an
compute a basis of End(E). < isogeny E — E.
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The endomorphism ring problem

Given arandom Given random supersingular
supersingular curve E, curves E, E', compute an
compute a basis of End(E). < isogeny E — E.

Both problems are random self-reducible
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Collision search: Galbraith

E/'\/
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Collision search: Delfs-Galbraith

\ /

P

[F, subspace



Frobenius

E:y2:x3+ax+b WE—)E(p)

(z,y) — (2%, ¢")
E® ;. y? =23+ aPz + bP
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Reflections

E(p)

[F, subspace

E-—
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Geometry of numbers

discriminant = covolume =p

Gaussian heuristic= di x o R dz3 = dy = /P
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Squared minima of random Hom(E, E'), log scale
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How hard is it to find a short isogeny?

degp ~ /P
B E'

e O(n)isogenies of degree n from £

o = O(n?)isogenies of degree < n from E
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How hard is it to find a short isogeny?

1/4 1/4
p
E E'

e O(n)isogenies of degree n from E
o = O(n?)isogenies of degree < n from E

o = If we’re lucky, we can meet-in-the-middle at cost O(,/p).
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Minima of endomorphism rings

10 4

10° 4

107 4

10! 3

10° 4
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Duality
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Transference

Hom(E, E,) Hom(E,, E")
didf & dpdi = dzdy ~ dpdf ~ p

dl;@; d37d4 df)d;)dg)dz
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Transference

Hom(E;, E») Hom(E;, Eg(p))
didy ~ dpd} ~ d3d) ~ dyd = p
di, dz, ds, dy dr, d3, d3, dj
End(E) Hom(E, E(®)
dy =~ dpd] ~ dsd; ~ dad; =~ p
1;d1;d2; d3 df7d§7d§7dz
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Wesolowski’s attack

1/3
B E(p)

e O(n)isogenies of degree n from E

o = O(n?)isogenies of degree < n from E

Luca De Feo (IBM Research Ziirich) Not Again! August 12,2026, AMPQC, Ohrid 30/31



Wesolowski’s attack

pl/®
B E(p)

e O(n)isogenies of degree n from E
o = O(n?)isogenies of degree < n from E

o = If we’re lucky, we can meet-in-the-middle at cost O(p'/3).
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e O(n)isogenies of degree n from E
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