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| Our interest)

o Efficient construction of towers

e Efficient computation of embeddings

Goals:
@ Describing embeddings:
» Replace linear algebra by polynomial arithmetic.
o Computing embeddings:
» Quasi-linear time and memory in the degree of the extension.

Application examples:
o In general: finite field arithmetic.
e Computing isogenies between elliptic curves, L. De Feo, 2011.

e Point-counting in genus 2, Gaudry and Schost, 2012.
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Previous works

@ Magma’s implementation:
» Bosma, Cannon, Steel, Lattices of compatibly embedded finite fields, 1997.
> E. Rains, Efficient computation of isomorphisms between finite fields, 199x.
@ Artin-Schreier towers, £ = p:
» D. G. Cantor, On arithmetical algorithms over finite fields, 1989.
> J.-M. Couveignes, Isomorphisms between Artin-Schreier towers, 2000.
» De Feo and Schost, Fast arithmetics in Artin-Schreier towers over finite
fields, 2012.
@ /(-adic towers, £ = 2:
» Doliskani and Schost, A note on computations in degree 2*-extensions of
finite fields, 2012.
@ Inspiration behind this work:

» De Smit and Lenstra, Standard models for finite fields, 2008.

» Couveignes and Lercier, Fast construction of irreducible polynomsials over
finite fields, 2011.

» V. Shoup, Fast construction of irreducible polynomials over finite fields, 1994.
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Univariate vs. Multivariate
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Univariate vs. Multivariate

E(X’u s 7X27 Xl)

T2(X2', Xi)
Tl(Xl)
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Univariate vs. Multivariate

F[Xi]/Qi(Xi)

Embeddiné evaluation
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Summary of Main Results

Objective
@ ¢ and / fixed,
@ O(/") operations in F,,

@ limit additional factors in ¢ and ¢ as much as possible.

Condition [ Initialization Q;, T; Embedding eval.
g=1mod ¢ 0(1) o) o(t")
g=—1mod ¢ O(l) o) ‘ O(M(¢%) log(¢%))
- _ o) OML*1)M(€) log(¢)?)  O(M(E*1)M(¢) log (7))
40 < ¢!/ (£%) (bit) O(M(£") log(£*)) O(M(£) log(("))
40 < g'/* OM(0)) O(M(£") log(£*)) O(M(£") log(£"))
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Quasi-cyclotomic towers

(inspired by Shoup, De Smit and Lenstra)
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Quasi-cyclotomic towers

(inspired by Shoup, De Smit and Lenstra)

Fq(Cei)
Fq(Ces) Fq(xz) o r|(0—1);
4 x @ I; = TrKi/]qui (Cﬂ)a
B (Ce) By (z2) e Both T; and Q;
/ \ can be computed
F,(Cr) ¢ ' F,(z1) ¢ T, by resultants.
q Qi
N
F
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Quasi-cyclotomic towers

Generic algorithm
e Perform all computations in the cyclotomic tower;

e Construction and embedding evaluation: penalty only O((?).

Trivial case: | (¢—1) < r=1

Kummer extensions
Qi :Xfi — Yo and T; ZXf—Xi—l

Embeddings are trivial.
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Quasi-cyclotomic towers

Generic algorithm
e Perform all computations in the cyclotomic tower;

e Construction and embedding evaluation: penalty only O((?).

Special case: | (¢+ 1) < r =2
By direct resultant computation
QX)) =Y +Y "~z modY?>—X;Y +1

o Similar form for T;.
@ (; can be computed in O(M(£")); a better algorithm later.
e Embeddings: later.
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Towers from irreducible fibers (Couveignes and Lercier, 2011)

¢](q—1), consider the map ¢ : = +— z*
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Towers from irreducible fibers (Couveignes and Lercier, 2011)

¢](q—1), consider the map ¢ : = +— z*
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Towers from irreducible fibers (Couveignes and Lercier, 2011)

¢](q—1), consider the map ¢ : = +— z*

° ¢

F; not surjective;
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Towers from irreducible fibers (Couveignes and Lercier, 2011)

¢](q—1), consider the map ¢ : = +— z*

N0 F; not surjective;

e ¢:G,, —» G,

surjective;
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Towers from irreducible fibers (Couveignes and Lercier, 2011)

¢](q—1), consider the map ¢ : = +— z*

N0 F; not surjective;

e ¢:G,, —» G,
surjective;

e Starting from yj,
every ¢~ lv; is an
irreducible set of
cardinality ¢.
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Chebishev case: (| (q¢+ 1)

Consider the map ¢ : x> zf

° ¢

F; bijective;
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Chebishev case: (| (q¢+ 1)

Consider the map ¢ : x> zf

Ng§ 2
Se(F; @% 2

F; bijective;

F+, 0N surjective;
q
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Chebishev case: (| (q¢+ 1)

Consider the map ¢ : x> zf

- G'éé\\‘ ® ¢|r: bijective;

" i’ ° ¢ F+, 1o surjective;

e - T o Ty C IF‘;2 algebraic torus of
2 cardinality ¢ + 1.

T,(k) = {a € L* | Nyjp(a) = 1forall k C F C L}. J
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Towers from algebraic tori (Pell conics)

e By Weil descent, T is isomorphic to a Pell conic;

o Multiplication in [F, induces a group law on the points.

Pell conic:

C:2>—Ny?=4

Addition: For P = (z1,y1) and Q =
N ('rQayQ)a

P‘i‘é [ w1z + Ayrys  T1y2 + T2y
o= 2 ’ 2

\ —
/
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Towers from algebraic tori

@ Ty — Pell conic C,
e multiplication in F,2 — addition in C,

@ (-th power — scalar multiplication [¢].

Lemma
The abscissa of [n]P is given by Cy(x1), where C,, € Z|X] is the
n-th Chebyshev polynomial.

Theorem
Let P be a point not in £C, then we can compute

Qz(Xz) = C[z(XZ) — Tp and T( ) Cg( ) — Xifl

using O(£*) operations.
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Towers from elliptic curves

e Problem 1: there is essentially one conic; we would like to
have more group choices, elliptic curves are an option.

e Problem 2: /-multiplication on elliptic curves is a degree ¢?
map; we must consider separable isogenies instead.

Ey - y*=a+ax+0, a,belF, (1(qg—1), C(|#E(F,)

Under these assumptions, isogenies form a cycle ¢a L By (\‘1’2
E, Es
@i : By — By, ]

P4

Lemma E, =2 E, for some n € O(,/qlog(q)). Ey - Ey
0

b1
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Towers from elliptic curves

Lemma (Couveignes and Lercier, 2011)

Let P ¢ LE;, and ) = ¢;—10p;n0---0¢;,
then y~1(P) is irreducible of cardinality "= .

Vélu’s formulas
¢; E;, — FEi,

(s (@Y
(z,y) — <gi<m)>y<gi(x>)>’

The /-adic tower

Ty = f1(X1) —ng-1(X1),
T = foi(Xi) — Xic19-i(X5).
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Evaluating embeddings

Observation
In all previous cases, from the form of T; we deduce

Xio1 = f(Xi)/9(X5)

for some f and g. Going from multivariate to univariate is

o b, X)) g
S a XX =Y ajfgc E X;aj X

Definition
Let P € F,[X,Y] and n € N, with deg(P, X) < n. Define

P[f,g,n] = g™ 'P (5,1/) eF,[Y].
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Lifting: Multivariate — Univariate

Algorithm 1 Compose

Input: P e F [X,Y], f,geF,[Y], neN
1: if n =1 then
2:  return P
3: else
4 m <+ [n/2]
5. Let Py, P, be such that P = Py + X™P,
6
7
8

QO <~ COl’l’lpOSe(Po, f7 9, m)
Q1 < Compose(Py, f,g,n —m)
Q <+ Qg™ " + Q1 f™

9: return @

10: end if

Theorem

Algorithm 1 computes Q = P[f, g,n] using O(M(¢n)log(n)) operations
mn [Fy.
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Pushing: Univariate — Multivariate

Algorithm 2 Decompose

3
4
5:
6:
7.
8
9

10:
11:

Input: Q, f,g,h € F[Y], n €N
1:
2:

if n =1 then
return @

: else

m < [n/2]
u < 1/¢g" ™ mod f™
Qo < Qu mod f™
Q1+ (Q — Qog"™™) div f™
P, < Decompose(Qo, f, g, h,m)
P, < Decompose(Q1, f, g, h,n —m)
return B, + X™P;
end if

Theorem

Algorithm 2 computes a polynomial P € Fy[X,Y] such that

Q = P[f,g,n] using O(M(¢n)log(n)) operations in Fy.
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Implementation
4096 F T T T T —T—T—T—T—3 [T ™3
1024 - 1t .
256 | it .
7 S 1t .
% 6} 1L ]
=}
g 4f 1t .
1 - - - -
" GF) ——
0.25 - 1r sub<> --oooe b
sub<> -------- Embed()
0.0625 - Embed() 1 T, .
& 1 1 1 Tz 1 I - IElllp}lC 1
height 4 5 6 7 8 9 10 11 45 6 7 8 9 10 11

Times for building 3-adic towers on top of Fa (left)
and F5 (right), in Magma (first three lines) and using
our code.
o Intel Xeon E5620 clocked at 2.4 GHz, using Sage 5.5 and Magma
2.18.12

@ Source code at https://github.com/defeo/towers.
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